In this article, we establish some new finite difference inequalities in two independent variables which can be used as tools in the study of certain classes of finite difference and sum-difference equations.
INTRODUCTION w x
In 3 , Mate and Nevai proved the following finite difference inequality.
Ž .
Ž . LEMMA MN. Let u n ) 0, p n ) 0 be real-¨alued functions defined on integers and let c ) 0 be a constant. If In analyzing the dynamics of a physical system governed by nonlinear finite difference equations involving many independent variables, one often needs some kinds of finite difference inequalities for proving various theorems or approximating various functions. The desire to widen the scope of applications of such inequalities recently resulted in the necessity of discovering new finite difference inequalities which are applicable in the w x situations for which the earlier inequalities do not apply directly, see 1᎐8 and some of the references cited therein. In the present article, we offer some basic finite difference inequalities similar to those given in Lemma MN, involving functions of two independent variables. The inequalities given here can be used as tools in the analysis of problems in the theory of certain finite difference and sum-difference equations in two independent variables.
STATEMENT OF RESULTS

w
. In what follows, we denote by R the set of real numbers, R s 0, ϱ and q Ä 4 N s 0, 1, 2, . . . . We use the usual conventions that empty sums and 0 products are taken to be 0 and 1, respectively. We also assume that all the sums and products involved throughout the discussion exist on the respective domains of their definitions.
Our main results are established in the following theorems.
Let a m, n be nonincreasing in each¨ariable m, n g N . If
Let a m, n be nondecreasing in m g N and nonincreasing in
for m, n g N . Ž . 
Ž . where G, G are as defined in part b and
for m, n g N , where
for m, n g N . for u,¨g R . is easy to observe that Ž . 3.2 and using the facts that z m, n ) 0, z m q 1, n q 1 F z m . q 1, n for m, n g N , we observe that 0 z m, n y z m q 1, n z m, n q 1 y z m q 1, n q 1
Ž . Keeping m fixed in 3.3 set n s t and sum over t s n, n q 1, . . . , q y 1 Ž . q G n q 1 is arbitrary in N to obtain Ž . Ž . Ž . Define a function¨m, n by the right side of 3.10 . Then, z m, n F Ž . m, n and m, n y¨m q 1, n y¨m, n q 1 y¨m q 1, n q 1
Ž .
Ž . Ž . Ž . From 3.11 and the fact that¨m q 1, n q 1 F¨m q 1, n , we observe that¨m , n y¨m q 1, n¨m, n q 1 y¨m q 1, n q 1 Ž . Ž . The required inequality in 2.6 follows from the fact that z m, n F Ž . Ž . Ž . m, n , 3.17 and 3.9 . The subdomain 0 F m F m , 0 F n F n is obvi- Ž . Ž . where e m, n is defined by 2.12 . Now, by following the last arguments as Ž . Ž . in the proof of c we get the desired inequality in 2.17 . 
